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The linear problem of the parametric excitation of three-dimensional standing waves on the free surface of a liquid of low viscosity
in a vessel of arbitrary shape, undergoing vertical oscillations, is investigated. The so-called harmonic instability, for which the
natural frequency of the excited waves is close to the oscillation frequency of the vessel, is considered. Using the idea of a boundary
layer and the Krylov-Bogolyubov averaging method, approximate formulae are derived for the quantities which define the
conditions for harmonic instability—for the threshold oscillation amplitude of the vessel and the limits of the resonance zones.
It is shown experimentally that it is possible for harmonic instability to occur on the surface of water in a rectangular vessel. The
calculated values of the threshold amplitude and the limits of the resonance zones agree well with those measured experimentally.
© 2000 Elsevier Science Ltd. All rights reserved.

When a layer of a heavy liquid oscillates in a vertical direction so-called sub-harmonic instability usually
occurs, when the natural frequency of the excited waves is close to half the oscillation frequency of the
vessel. This instability has been investigated fairly well both for an ideal liquid and for a viscous liquid
[1-3). Harmonic instability has been investigated to a lesser extent. The possibility of the occurrence
of such instability in a vessel of infinitely large horizontal dimensions was investigated in [4], and it was
shown that harmonic instability can only occur in a fairly shallow viscous liquid.

In this paper we derive the conditions for harmonic instability of the free surface of a liquid of low
viscosity in a vessel of finite horizontal dimensions and we check these conditions experimentally. To
solve the problem the velocity field of the liquid is divided into potential and eddy components and
the boundary-layer method is employed. The effectiveness of this approach was demonstrated for the
first time in [5,6] when investigating a low-viscosity liquid. By analogy with a previous paper [3] we also
use the idea of the Krylov—-Bogolyubov averaging method.

1. FORMULATION OF THE PROBLEM

A vessel containing a viscous incompressible liquid with a free surface undergoes vertical oscillations
as given by —s cos Q. The free surface is a horizontal plane in the equilibrium state. We will assume
that, at the instant ¢ = 0, a perturbation occurs in the liquid in the form of a standing wave with an
infinitely low amplitude and a frequency w, close to the oscillation frequency () of the vessel. It is required
to obtain the conditions for which the initial perturbation will increase with time.

In a system of coordinates rigidly attached to the vessel, the linear equations and boundary conditions
for the velocity, U, the pressure P and the elevation of the free surface 2 have the form

a—U+ezs92coth=—éVP—ezg+vAU, divU=0 in D

ot
U=0 on §
oP U U, oU
P-L H+2vpS= =0, —24+Z2i=0, E=x,
74 vPaz V‘{a +a§) G=xy
U,=§I:I—(x,y,t) on X
ot
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Here p is the density, v is the kinematic viscosity of the liquid, g is the acceleration due to gravity, e,
is the unit vector along the z axis, D is the region occupied by the liquid and § is the solid boundary of
the region D. A Cartesian system of coordinates xyz is chosen so that the xy plane coincides with the
surface 3, while the z axis and the unit vector e, are directed vertically upwards.

We will introduce dimensionless variables taking the characteristic dimension d of the vessel as the
unit of length and the quantity 1/wq as the unit of time, where w, is the least natural frequency of
oscillations of an ideal two-layer liquid

U=dou, P=-gpz+d’wipp-psQ’zcosQt, H=nd
We will represent the velocity vector U in the form of the sum of potential and vortex components
u=-Vo+v
We will put
p = 0@/dt

Retaining the previous notation for all the dimensionless quantities, we obtain the following problem
for the functions ¢, v and m

AQ =0, g—:=e2m, divv=0 inD 1.1)
Vo=v onS
o0 2, {0v, %)
FE—(H\/Eycoth)n-ke ZF(—a—;’-—? =0 (1.2)
dv; 93 9? 3 om
T8O 2,9 0 E=xy _99_on
‘{ % & agazJ P EE Ry v mg =g ) ok

where F = widlg, €% = v/(wed?), ey = sQ%g, v = O(1). Assuming that the liquid has a low viscosity and
the acceleration of the vessel is small compared with the acceleration due to gravity, we take & < 1.

2. THE ZEROTH AND FIRST APPROXIMATIONS
The asymptotic solution of the singularly perturbed problem (1.1), (1.2) will be sought in the form

(p=¢0 +‘J€¢| +...
v=Sv+.ZVESOV+JES,V+...+ZOV+JEZIV’+... (2.1)
n=ne+VEn +...

Here @ is the regular part of the asymptotic expansion, while Sv and 2v are the boundary parts, which
exist only in the subregions D and Ds adjoining the surfaces S and 2, respectively.

Using the idea of Krylov-Bogolyubov averaging method, we will assume that each of the functions
in (2.1) depends on the spatial variable and on the so-called “slowly varying amplitude” C, the “fast
phase” { and the “slow phase” 6.

The functions C, ¥ and 0 satisfy the relations

9 A CO+ A CO .

o (2.2)
E=A+«/€B,(C,9)+EB2(C,O)+...

0=y-Qr, A=0-Q
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where 4,(C, 6), B1(C, 8),... are periodic functions of 6, which, like the coefficients of expansions (2.1)
are to be determined from problem (1.1), (1.2). We will also assume that A = O(g).

Taking relations (2.2) into account, the partial derivatives with respect to ¢, for example, of the function
¢, can be written in the form

3 oD S
5 =ma—wo+«/E(K,(<Do)+0)a—w'J+e(K2(d>o)+ K (<b,)+u)—a;’lj+

2 2 2
a—(g=w2§—&+«/g[2mlq(d>o)+a)2 %—%‘)+
vy

or’ oy’
8243 az(p a2q) az¢
+e| 0° = +20L, (D) +2 29 %o o, 529 P (2.3)
e[m 3y +20L, (D) + 20L, (D)) + A, 32 +2AB BCBW+B' 3y +...
e o] oD
K (D E—k—A -—_kB > =y, ; =1
n( k) aC n + a‘v n k=01, n=1 2

2 2
2’0, , P,

L (D)=
n(Pe) oyoC " gy? ™

k=01; n=12

Similar expansions exist for the boundary-layer functions.

We will introduce local orthogonal curvilinear coordinates s;, s,, 53 into the region D, so that the surface
s3 = 0 coincides with S and s3 > 0 in D. We will introduce Cartesian coordinates x,y,z into the region
Ds so that the x axis coincides with the axis of the initial system of coordinates y e 3, and the z axis is
directed into the region D.

We will require that the boundary-layer functions satisfy the following relations

Sv—o0 as G, Xv—0 as [ 24)

Substituting expansions (2.1) and (2.3) into (1.1) and (1.2) and equating coefficients of like powers
of £ we obtain a series of boundary-value problems for determining the coefficients of expansions (2.1).

The zeroth approximation, i.e. the functions which satisfy problem (1.1), (1.2) to within terms O (\/E),
can be found from equations similar to those considered previously [3]. We will only present the final
result

Dy =Cfycosy, My =-Fafyl,.o siny
Sov s = O, Eov =0

Sov; = Hi'9fy 13s)| Cexp(-Ao)cos(y — ho), [=1,2, A=(w/2)"?
Here fj is the eigenfunction of the problem
Afy=0 inD
(2.5)
% o ons, ai"—=l’mzfo onZz,
on oz

corresponding to the eigenvalue Fw?, where n denotes the inward normal to the boundary of the region
D while H,, H,, (H3 = 1) are the Lamé coefficients of the system of coordinates s;, 5, 53.

The problem for the function ®; has the form

A®, =0 inD, i(—)-'-=O on S
on
2 2.6
Fo? ?;_5, ? = 20FQ, fy - Y0 Cfy cos(2y —6) on T 29)
\ 2

O, =A;siny+CB;cosy, i=12,...
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We will represent ®; in the form
@, =" + o

where (D(ll), depends on ¥ as sim and cosy, while <I>(12), depends on  as sin2ys and cos2y. For <I>(11), we
obtain the problem

A =0 inD

m 0] 2.7)

9% ons, 0 _ Fo’®d{V =20FQ,f, onX

on oz
The condition for problem for (2.7) to be solvable has the form
39" ¥

-V 2 idx =0 X.)
if(fo 0, (2.8)

Expressing the derivatives dfy/dz, acb(l‘)/az on 2, from (2.5) and (2.7) and substituting them into (2.8),
we obtain

20F(A, siny + CB cosw)){j fidz =0
Consequently, 4, = B, = 0. Taking this into account, we can write the particular solution of problem
(2.6) in the form
@, = J,CYfo cos(2y - 6)
- Using the explicit expression for ®;, we obtain
1, = - Y FaCy(Ysin(2y - 0) +sin6) fo| o
From the third equation of (1.1), considered in Ds and Dy, and conditions (2.4) we obtain
Sivg=Ziy =0

From the second equation of (1.1), considered in Dy, the first condition of (1.2) and conditions (2.4)
we obtain the problems for the functions v, (1 = 1, 2)

wdSw, /oy = 3°Sy, / 9c>
Sy, =H;'9®,/3s, onS, Sy,—>0 as C-— o
the solution of which, taking into account the explicit expression for ®;, can be written in the form
Sy, = V5 H7'¥of, /9s)| sCexp(—-\/aa)cos(Z\v -0- Jao)

From the second equation of (1.1), considered in Ds, the third condition of (1.2) and conditions (2.4)
we obtain the problems for the functions 2,v; (§ = x, y)

0Zpg/9{=0 onZ, Zy,—0 as (—e

Consequently, 210 = 0.
From the third equation of (1.1), considered in Dy, and conditions (2.4) we obtain

22U§=0
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S04 = (20)2CG(s),5,) exp(~A)(sin(y - AG) + cos(y — AG))

__ 1 |9 (H 9|, % (H ¥
Clsins) = H,H, [as, (H, ds, J+ 3s, | H, 9s,

53 =0

3. APPROXIMATE FORMULAE FOR THE BOUNDARIES OF
THE RESONANCE ZONES AND THE THRESHOLD AMPLITUDE

Considering the problem for the function ®,, we will represent this function in the form
@, =Y + oY

where d>(21) depends on ¢ as siny and cosd, while d)(22’3) depends on W as sin2y, cos2ys, sin3ys and cos3y.
For d>(21) we obtain the problem

A®Y’ =0 in D

o} 30 2w

T:S,UO on S, —5:———’:0) (bz =2wFQ2f0 + (31)
Yo J(2 P

+— -g—cosze cosy —sin20siny [f; onZ

The condition for problem (3.1) to be solvable has the form

(D(l) (U]
115 aa: ds—y(ﬁ)%z——d>‘z”%ifjdz=0 (3.2)

s

Expressing the derivatives dfy/dz, ad>(21,)/az on 2, and aCD(z’,)/an on S from (2.5) and (3.1) and substituting
them into (3.2), we obtain after reduction

~2v2Fw*'*(siny + cos y)Ig =8(A, siny + CB, cos )l +
, [(2 .
+Cy w[(; ~ oS 29) cos Y ~sin20sin w}l;_ (3.3)

= 2 dfy 2
Is=[[(Vofy)ds. Iz=“(___J &z
S b3 oz

Equating the coefficients of siny and cosy in (3.3) separately, we obtain the functions 4,(C, 6) and
B,(C, 8). We substitute these functions into (2.2), considered up to terms O(¢). We have

dc Yo . e 10 2
— =-g0C+eC—sin20, —=A-£0.+£-— -=
dr 3 ar 3 (cos26 3) (3.4)

a=2_3/2Fm5/2ls/l;;

To investigate the stability of the trivial solution C = 0, 8 = const, we reduce (3.4) to a linear system
using the replacement «# = C cos 6, v = C sin 6. We have

d - y? a2
PPN b YN AR WRCLINN e £50.3 B
dt 8 dt 8 (3.5)

A=Ale-o-y0/12
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The characteristic equation corresponding to system (3.5) has the solutions
A, = —eoci(('yzu)/ 8)* ~Zz)”2

For the amplitude of the oscillations to increase it is necessary for the following inequality to be
satisfied

(Y’w/8)% - A% > o2

Hence, reverting to dimensional variables, we obtain

R_< Q <R,
®
2 " 2 (3.6)
rore 0 LTV (@ ()
- o 121 g 64| g w
where Aw = —ewga is the shift in the natural frequency of oscillations of an ideal liquid (see

(3D
Aw=-272y112g-1012y g

Formula (3.6) gives expressions for the frequencies at which an increase in the amplitude of the surface
waves in a liquid becomes possible in the region of harmonic resonance (w = ) for a given amplitude
s of the vessel oscillations. In this case the amplitude s itself should exceed a certain threshold value
o, which can be found from the condition

(sg”'0?)? /8= |aa)/ @
Hence we obtain

sp =234V g 2SI (g p 3112 3.7

4. COMPARISON WITH EXPERIMENT

For a vessel in the form of a rectangular parallelepiped (0 <x <a,0<y<b, ~h <z < 0) we
have

_ ab ( 7% sh(2kp,h) y
22-80m)sh2 (kM Kum

2 2 2 2
n“(2-8, 1Y m(2 1 a[n®  m 2
"[?(T"’*}]Tz‘(;*zﬂ'z"" (;;s‘*'ﬁ)*"nm

n m 2

172
]2._=2"2+6""'abk3,,,; k,,,,,=1t[a—2+-;-2—) , n=12,..; m=0l..,

Ig

where 9, is the Kronecker delta.

In order to check the theoretical results of Sections 1-3 on the equipment described previously in
[7], we carried out a series of experiments to measure the width of the resonance zones of harmonic
excitation of the second wave mode (n = 2) in a verticall;r oscillating rectangular vessel (a = 50 cm,
b = 4 cm), filled with the water (¢ = 15 cm, v = 0.01 cm?/s). The frequency range of the parametric
excitation of the waves, by (3.6), is determined by the amplitude s and the frequency () of the vessel
oscillations. We used the following procedure to estimate the limits of its range. We initially calculated
the natural frequency of the second mode » = 10.85 s~ ! and we established the oscillation frequency
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Fig. 1.

of the vessel ) = o for the chosen amplitude s. After the oscillations reached a steady state the frequency
Q changed smoothly, so that the height of the wave decreased. This change continued to a value of Qp
for which the wave amplitude was practically zero; () was taken as the limiting value. The other limit
Q,, of the range was found by discrete variation in small steps of the oscillation frequency of the vessel
in the opposite direction, i.e. when the wave amplitude increased. The equipment was switched off for
each new value of (). After complete cessation of the wave motions of the liquid, oscillations of frequency
) were again applied to the vessel and the presence or absence of a wave buildup was recorded. If a
steady state of the oscillations of the liquid was not achieved after 20 minutes, the corresponding value
of the frequency was taken as the limiting frequency {14

For the second wave mode, the stability diagram is shown in the figure (the continuous curve is the
boundary of the range of parametric excitation, calculated from (3.6), and the small circles represent
experimental data).

It can be seen that there is a threshold oscillation amplitude of the vessel sg = 1.69 cm, below which,
for any €, the free surface of the liquid remains unperturbed. By relation (3.7) the corresponding
calculated value of the threshold amplitude s, = 1.79 cm.

Note that for the same values of a, b, A and n the threshold amplitude s in the case of the
fundamental resonance (o = /2) is equal to 0.04 cm (see [7]), i.e. one-fortieth of that for harmonic
resonance.
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